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In this paper, we derive the formula for the Casimir interaction energy between a sphere and a
plate in (D + 1)-dimensional Minkowski spacetime. It is assumed that the scalar field satisfies the
Dirichlet or Neumann boundary conditions on the sphere and the plate. As in the D = 3 case,
the formula is of TGTG type. One of our main contributions is deriving the translation matrices
which express the change of bases between plane waves and spherical waves for general D. Using
orthogonality of Gegenbauer polynomials, it turns out that the final TGTG formula for the Casimir
interaction energy can be simplified to one that is similar to the D = 3 case. To illustrate the
application of the formula, both large separation and small separation asymptotic behaviors of the
Casimir interaction energy are computed. The large separation leading term is proportional to
L−D+1 if the sphere is imposed with Dirichlet boundary condition, and to L−D−1 if the sphere is
imposed with Neumann boundary condition, where L is distance from the center of the sphere to
the plane. For the small separation asymptotic behavior, it is shown that the leading term is equal
to the one obtained using proximity force approximation. The next-to-leading order term is also
computed using perturbation method. It is shown that when the space dimension D is larger than
5, the next-to-leading order has sign opposite to the leading order term. Moreover, the ratio of the
next-to-leading order term to the leading order term is linear in D, indicating a larger correction at
higher dimensions.
PACS numbers: 03.70.+k, 11.10.Kk
Keywords: Casimir interaction, sphere-plate configuration, higher dimensional spacetime, scalar field, ana-
lytic correction to proximity force approximation, large separation behavior
I. INTRODUCTION
The study of Casimir effect has been inspired by the advancement of a number of theoretical and experimental
disciplines in physics. After its experimental confirmation in the end of last century, Casimir effect has become a
non-negligible phenomena that draws more and more attention (see e.g., the review [1]).
For more than thirty years, researchers have been considering Casimir effect in (D+ 1)-dimensional spacetime, see
for example, [2–5]. Since exploring physics in higher dimensional spacetime has become a central theme in theoretical
physics, studying Casimir effect in higher dimensional spacetime has become a norm. A lots of work have been done
in the last ten years. Most of the works considered the geometry of two parallel plates or branes [6], and there are
also a few works on concentric spheres [7–10].
In this paper, we want to take the first step to investigate the Casimir interaction between any two objects in higher
dimensional spacetime. We consider massless scalar field for the sphere-plate geometry.
Sphere-plate geometry is the most popularly studied nontrivial configurations for Casimir effect. In the past ten
years, a lots of studies have been devoted to compute the Casimir interaction between a sphere and a plate in (3+1)-
dimensional spacetime. One of the most powerful methods to derive the exact expression for the Casimir interaction
energy is the multiple scattering approach in different disguises [11–17]. This method has since been generalized to
compute the Casimir interaction energy between any two objects in (3 + 1)-dimensional spacetime [18, 19]. It was
shown that the Casimir interaction energy between two objects can be written in the functional form
ECas =
~
2pi
∫ ∞
0
dξ ln det (1− T1U12T2U21) (1)
where ξ is the imaginary frequency, T1 and T2 are the Lippmann-Schwinger T-operators of the two objects which are
related to the scattering matrices of the objects, Uij is the translation matrix which changes the wave basis centered
at object i to the wave basis centered at object j.
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2Eq. (1) is known as the TGTG formula. In [20], we have interpreted this formula from the mode summation point
of view. Explicit recipes have been given to compute the Ti and Uij matrices. From our interpretation, it is easy to
see that the TGTG formula can be applied to higher dimensional spacetime, and the prescriptions for computing the
Ti and Uij matrices remain unchange.
The goal of this paper is to compute the Casimir interaction energy between a sphere and a plate subject to Dirichlet
or Neumann boundary conditions in (D + 1)-dimensional spacetime. The hardest part of the problem is to compute
the translation matrices Uij , which is one of the main contributions of this paper.
After deriving the explicit formula for the Casimir interaction energy, we compute the small separation and large
separation behaviors of the Casimir interaction energy as a function of the dimension D. As in the (3+1)-dimensional
case, computing the large separation behavior is in general straightforward, because its leading behavior is determined
by a few terms with lowest wave numbers. However, computing the small separation behavior is in general very
complicated. We employ the method introduced by Bordag in [14] to compute analytically the next-to-leading order
of the Casimir interaction energy in the cylinder-plate geometry. This method has also been employed for other
geometries [21–28].
II. THE CASIMIR INTERACTION BETWEEN A SPHERE AND A PLATE
In this section, we consider the Casimir interaction energy between a sphere and a plate in (D + 1)-dimensional
Minkowski spacetime equipped with the standard metric
ds2 = dt2 − dx21 − . . .− dx2D.
Since the D = 3 case has been considered extensively [11, 13, 14, 18–20], in the following, we restrict ourselves to
D ≥ 4, although most of arguments still hold for D = 3.
Assume that the sphere has radius a and is centred at the origin, whereas the plate is located at x1 = L where
L > a. In the following, we assume that the plate is of dimension H ×H × . . .×H , where H ≫ L.
To derive the Casimir interaction energy between the sphere and the plate, we use the approach discussed in [20],
where the TGTG formula for the Casimir interaction energy
ECas =
~
2pi
∫ ∞
0
dξ ln det (1− T1U12T2U21) (2)
is derived from the point of view of mode summation approach, and is easy to see to be independent of the spacetime
dimension.
First, we need to choose coordinates centered at the plate and the sphere and the find the corresponding bases of
regular and outgoing waves ϕreg and ϕout.
For the plate, we choose rectangular coordinate system centered at L = (L, 0, . . . , 0). The scalar field ϕ satisfies
the equation (
∂2
∂x21
+ . . .+
∂2
∂x2D
)
ϕ = −ω
2
c2
ϕ. (3)
Hence, bases of regular and outgoing plane waves are parametrized by k⊥ = (k2, k3, . . . , kD) ∈ RD−1, with
ϕreg
k⊥
(x, k) = exp
(
−i
√
k2 − k2⊥x1 + ik⊥ · r⊥
)
,
ϕoutk⊥ (x, k) = exp
(
i
√
k2 − k2⊥x1 + ik⊥ · r⊥
)
Here r⊥ = (x2, x3, . . . , xD), k⊥ = ‖k⊥‖ =
√
k22 + . . .+ k
2
D and
k =
ω
c
.
For the sphere, we choose hyperspherical coordinate system:
x1 =r cos θ1
x2 =r sin θ1 cos θ2
...
xD−1 =r sin θ1 . . . sin θD−2 cos θD−1
xD =r sin θ1 . . . sin θD−2 sin θD−1
3centered at the origin. When r = (x1, . . . , xD) ranges over R
D, r ranges from 0 to ∞, whereas
0 ≤ θi ≤ pi, i = 1, 2, . . . , D − 2,
and
−pi ≤ θD−1 ≤ pi.
In the following, we will denote by SD−1 the region
0 ≤ θi ≤ pi, i = 1, 2, . . . , D − 2; −pi ≤ θD−1 ≤ pi.
The volume element
D∏
i=1
dxi is equal to
rD−1
D−1∏
i=1
sinD−i−1 θidθi
in spherical coordinates. Denote by dΩD−1 the measure
D−1∏
i=1
sinD−i−1 θidθi.
Then ∫
SD−1
dΩD−1 =
2pi
D
2
Γ
(
D
2
)
is the volume of the unit sphere x21 + x
2
2 + . . .+ x
2
D = 1.
In spherical coordinates, the equation of motion (3) becomes(
∂2
∂r2
+
D − 1
r
∂
∂r
+
1
r2
D−1∑
i=1
1∏i−1
j=1 sin
2 θj
(
∂2
∂θ2i
+ (D − i− 1)cos θi
sin θi
∂
∂θi
))
ϕ = −ω
2
c2
ϕ.
The solutions of this differential equation are parametrized by m = (m1, . . . ,mD−1), with
l = m1 ≥ m2 ≥ . . . ≥ mD−2 ≥ |mD−1|.
The regular and outgoing spherical waves are [29, 30]:
ϕreg
m
(x, k) = Cregl Cmjl(kr)Y m(θ),
ϕout
m
(x, k) = Coutl Cmh(1)l (kr)Y m(θ),
(4)
where
jl(z) = z
−D−2
2 Jl+D−2
2
(z), h
(1)
l (z) = z
−D−2
2 H
(1)
l+D−2
2
(z),
Y m(θ) = e
imD−1θD−1
D−2∏
j=1
sinmj+1 θjC
mj+1+
D−j−1
2
mj−mj+1 (cos θj),
Jl+D−2
2
(z) and H
(1)
l+D−2
2
(z) are Bessel functions, and Cνn(z) is a Gegenbauer polynomial defined by
(1− 2zt+ t2)−ν =
∞∑
n=0
Cνn(z)t
n.
4The Gegenbauer polynomials satisfy the orthogonality relation∫ 1
−1
dxCνn(x)C
ν
m(x)(1 − x2)ν−
1
2 =
pi21−2νΓ(n+ 2ν)
n!(n+ ν)Γ(ν)2
δn,m. (5)
Hence, the hyperspherical harmonics Y m(θ) satisfy the orthogonality condition∫
SD−1
dΩD−1Y m(θ)Y m′(θ)
∗ =
1
C2
m
δm,m′ ,
where
Cm =
√√√√√ 1
2piD−1
D−2∏
j=1
22mj+1+D−j−2Γ
(
mj+1 +
D−j−1
2
)2 (
mj +
D−j−1
2
)
(mj −mj+1)!
Γ (mj +mj+1 +D − j − 1) .
The constants Cregl and Coutl are defined by
Cregl = i−l, Coutl =
pi
2
il+D−1,
so that
Cregl jl(iz) = z−
D−2
2 Il+D−2
2
(z), Coutl h(1)l (iz) = z−
D−2
2 Kl+D−2
2
(z).
The T1 and T2 in the TGTG formula (2) are the Lippmann-Schwinger T-operators of the sphere and the plate
respectively. As in [20], it is easy to find that for Dirichlet (D) and Neumann (N) boundary conditions, they are
diagonal in m and k⊥ respectively with diagonal elements given respectively by
TD1,m(κ) =
Il+D−2
2
(κa)
Kl+D−2
2
(κa)
,
TN1,m(κ) =
−D−22 Il+D−22 (κa) + κaI
′
l+D−2
2
(κa)
−D−22 Kl+D−22 (κa) + κaK
′
l+D−2
2
(κa)
,
TD2,k⊥ = 1, T
N
2,k⊥ = −1,
Here κ = ξ/c and k = iκ.
The translation matrix U12 = V in (2) is defined by
ϕreg
k⊥
(x−L, k) =
∑
m
Vm,k⊥ϕ
reg
m (x, k), (6)
where the summation over m is
∑
m
=
∞∑
l=0
l∑
m2=0
m2∑
m3=0
. . .
mD−3∑
mD−2=0
mD−2∑
mD−1=−mD−2
.
The matrix U21 =W is defined by
ϕout
m
(x+L, k) =
HD−1
(2pi)D−1
∫
RD−1
dk⊥Wk⊥,mϕ
out
k⊥
(x, k). (7)
In the following, we will derive the explicit expressions for Vm,k⊥ and Wk⊥,m.
The derivation of Vm,k⊥ is relatively easier. Express k = (k1, k2, . . . , kD) in hyperspherical coordinates:
k1 =k cos θ
k
1 ,
k2 =k sin θ
k
1 cos θ
k
2 ,
...
kD−1 =k sin θ
k
1 . . . sin θ
k
D−2 cos θ
k
D−1,
kD =k sin θ
k
1 . . . sin θ
k
D−2 sin θ
k
D−1,
(8)
5and let SD−1k be the region
0 ≤ θkj ≤ pi, 1 ≤ j ≤ D − 2, −pi ≤ θkD−1 ≤ pi.
As is shown in [30], ∫
SD−1
k
dΩkD−1Y m(θk)e
ik·r = (2pi)
D
2 i−ljl(kr)Y m(θ). (9)
This is equivalent to
eik·r = (2pi)
D
2
∑
m
i−lC2mjl(kr)Y m(θ)Y m(θk)
∗.
Comparing this to the definition of Vm,k⊥ (6) and ϕ
reg
m
(x, k) (4), we obtain immediately
Vm,k⊥ =(2pi)
D
2 (−1)l−m2 i
−l
Cregl
CmY m(θk)
∗ei
√
k2−k2
⊥
L, (10)
where θk = (θ
k
1 , . . . , θ
k
D−1) is defined by (8) with k1 =
√
k2 − k2⊥ and k⊥ = k sin θk1 . Here we have also used the fact
that Cνn(−z) = (−1)nCνn(z).
For the derivation of Wk⊥,m, first notice that
j0(kr) = aD
∫
SD−1
k
dΩkD−1e
ik·r,
where
aD =
1
(2pi)
D
2
.
A counterpart for the outgoing wave is
h
(1)
0 (kr) = 2aD
∫
RD−1
dk⊥
eik·r
kD−2
√
k2 − k2⊥
,
with k1 =
√
k2 − k2⊥. Now we will use the method in [20, 31]. Using the fact that the normalized hyperspherical
harmonics CmY m(θ) can be written as
CmY m(θ) = Hm
(x1
r
,
x2
r
, . . . ,
xD
r
)
for some homogeneous polynomial Hm (x1, . . . , xD) of degree m1 = l, we can define an operator
Hm(∂) = Hm
(
∂x1
ik
, . . . ,
∂xD
ik
)
which generalizes the operator Plm defined in [31]. It follows from definition that
Hm(∂)eik·r = CmY m(θk)eik·r.
Hence, (9) can be written as
ϕregm (x, k) =Cregl CmaDil
∫
SD−1
k
dΩkD−1Y m(θk)e
ik·r
=Cregl aDilHm(∂)
∫
SD−1
k
dΩkD−1e
ik·r
=ilCregl Hm(∂)j0(kr),
6which says that ϕregm (x, k) can be obtained by applying the operatorHm(∂) on j0(kr). Since jν(z) and h(1)ν (z) satisfies
the same differential equation, it follows that
ϕout
m
(x, k) =ilCoutl Hm(∂)h(1)0 (kr).
Namely,
ϕoutm (x, k) =2i
lCoutl aDCm
∫
RD−1
dk⊥Y m(θk)
eik·r
kD−2
√
k2 − k2⊥
.
Compare to (7), we find immediately that
Wm,k⊥(L) =
2il(2pi)D−1aD
HD−1
Coutl
1
kD−2
√
k2 − k2⊥
CmY m(θk)e
i
√
k2−k2
⊥
L. (11)
Substituting the expressions for Vm,k⊥ (10) and Wk⊥,m (11) into the TGTG formula (2), we find that the Casimir
interaction energy between the sphere and the plate is given by
ECas =
~c
2pi
∫ ∞
0
dκTr ln (1−M(κ)) , (12)
where the (m,m′) element of M is given by
Mm,m′ =T1,m
HD−1
(2pi)D−1
∫
RD−1
dk⊥Vm,k⊥T2,k⊥Wm′,k⊥
=pi(−1)l+l′+m2 i−m2−m′2CmCm′T1,m
∫ ∞
0
dk⊥ k
D−2
⊥
∫ pi
0
dθk2 sin
D−3 θk2 . . .
∫ pi
0
dθkD−2 sin θ
k
D−2
∫ pi
−pi
dθkD−1
T2,k⊥
e−2L
√
κ2+k2
⊥
κD−2
√
κ2 + k2⊥
(
k⊥
κ
)m2+m′2
C
m2+
D−2
2
l−m2
(√
κ2 + k2⊥
κ
)
C
m′2+
D−2
2
l′−m′
2
(√
κ2 + k2⊥
κ
)
e−imD−1θD−1eim
′
D−1θD−1
×
D−2∏
j=2
sinmj+1 θjC
mj+1+
D−j−1
2
mj−mj+1 (cos θj)
D−2∏
j′=2
sinm
′
j′+1 θjC
m′
j′+1
+D−j
′
−1
2
m′
j′
−m′
j′+1
(cos θj)
=(−1)l+l′22m2+D−3δm⊥,m′⊥Γ
(
m2 +
D − 2
2
)2√(l + D−22 ) (l′ + D−22 ) (l −m2)!(l′ −m2)!
(l +m2 +D − 3)!(l′ +m2 +D − 3)! T1,m∫ ∞
0
dk⊥ T2,k⊥
e−2L
√
κ2+k2
⊥√
κ2 + k2⊥
(
k⊥
κ
)2m2+D−2
C
m2+
D−2
2
l−m2
(√
κ2 + k2⊥
κ
)
C
m2+
D−2
2
l′−m2
(√
κ2 + k2⊥
κ
)
.
Herem⊥ = (m2, . . . ,mD−1). In the last row, we have used the orthogonality relation (5) to integrate out θ
k
2 , . . . , θ
k
D−1.
By the change of variable
k⊥ = κ sinh θ,
we have
Mm,m′ =(−1)l+l′22m2+D−3δm⊥,m′⊥Γ
(
m2 +
D − 2
2
)2√(l + D−22 ) (l′ + D−22 ) (l −m2)!(l′ −m2)!
(l +m2 +D − 3)!(l′ +m2 +D − 3)! T1,lT2∫ ∞
0
dθe−2κL cosh θ (sinh θ)
2m2+D−2 C
m2+
D−2
2
l−m2
(cosh θ)C
m2+
D−2
2
l′−m2
(cosh θ) .
(13)
We take out the T2 term from the integral since it is equal to ±1 for Dirichlet or Neumann boundary conditions. If one
substitutes D = 3 in this expression and use the relation between Gegenbauer polynomials and associated Legendre
functions [29, 30], one recovers the expression derived in [20] for D = 3. The only difference is that when D = 3, m2
can take negative values. In that case, one has to replace the m2 in the formula above by its absolute value.
Since M is diagonal in m⊥ = (m2, . . . ,mD−1), we can simplify the trace in (12) as follows. When D ≥ 5,
m2∑
m3=0
. . .
mD−3∑
mD−2=0
mD−2∑
mD−1=−mD−2
1 =
(2m2 +D − 3)(m2 +D − 4)!
(D − 3)!m2! . (14)
7When D = 4,
m2∑
m3=−m2
1 = 2m2 + 1
which is equal to the right hand side of (14) when D = 4. Hence, when D ≥ 4, the Casimir interaction energy (12)
can be rewritten as
ECas =
~c
2pi
∫ ∞
0
dκ
∞∑
m=0
(2m+D − 3)(m+D − 4)!
(D − 3)!m! Tr ln (1−Mm(κ)) , (15)
where the elements Mm;l,l′ of Mm is obtained from (13) by removing the factor δm,m′ and replacing m2 with m. For
fixed m, l, l′ ranges from m to ∞.
Since the right hand side of (14) is equal to 2 when D = 3, one can formally replace the summation
∑∞
m=0 in (15)
by
∑∞
m=0
′ to obtain the D = 3 case. Here the prime on the summation means that the term with m = 0 is summed
with weight 1/2.
Finally, we would like to make a remark regarding the integral over θ in (13). Recall that Cνn(z) is a polynomial of
degree n in z. Hence, if l + l′ is even,
(sinh θ)
2m2+D−2 C
m2+
D−2
2
l−m2
(cosh θ)C
m2+
D−2
2
l′−m2
(cosh θ) (16)
can be written as a polynomial in sinh θ. If l + l′ is odd, (16) can be written as cosh θ times a polynomial in sinh θ.
Then the integral over θ can be explicitly computed using [32]:∫ ∞
0
dθe−2κL cosh θ sinhn θ =
(κL)−
n
2√
pi
Γ
(
n+ 1
2
)
Kn
2
(2κL) ,
∫ ∞
0
dθe−2κL cosh θ sinhn θ cosh θ =
(κL)−
n
2√
pi
Γ
(
n+ 1
2
)
Kn+2
2
(2κL) .
(17)
Hence, the integral over θ in (13) can be written as a linear combination of Bessel functions Kν(2κL). This might be
more convenient for numerical computations.
III. LARGE SEPARATION ASYMPTOTIC BEHAVIOR
In this section, we derive the asymptotic behavior of the Casimir interaction energy (15) when the separation
between the sphere and the plate is large, i,e, when L≫ a.
Expanding the logarithm and the trace in (15), we have
ECas = − ~c
2pi
∞∑
s=0
1
s+ 1
∫ ∞
0
dκ
∞∑
m=0
(2m+D − 3)(m+D − 4)!
(D − 3)!m!
∞∑
l0=m
∞∑
l1=m
. . .
∞∑
ls=m
s∏
j=0
Mm;lj,lj+1 , (18)
with the convention that ls+1 = l0.
Making a change of variables κ 7→ κ/L, one can see that the leading asymptotic behavior of the Casimir interaction
energy is governed by the small z = κa/L asymptotic behaviors of
TD1,l =
Il+D−2
2
(z)
Kl+D−2
2
(z)
,
TN1,l =
−D−22 Il+D−22 (z) + zI
′
l+D−2
2
(z)
−D−22 Kl+D−22 (z) + zK
′
l+D−2
2
(z)
.
As z → 0, we have the following asymptotic behaviors:
Iν(z) ∼ 1
Γ(ν + 1)
(z
2
)ν
,
Kν(z) ∼Γ(ν)
2
(z
2
)−ν
.
8Hence,
TD1,l ∼
1
22l+D−3Γ
(
l + D−22
)
Γ
(
l + D2
)z2l+D−2,
TN1,l ∼−
l
l +D − 2
1
22l+D−3Γ
(
l + D−22
)
Γ
(
l+ D2
)z2l+D−2, if l 6= 0
TN1,0 ∼−
1
(D − 2)2D−2Γ (D−22 )Γ (D+22 )z
D.
(19)
These show that when L≫ a, the leading terms of the Casimir interaction energy come from the terms with small l.
When the sphere is imposed with Dirichlet boundary condition, the dominating term is the term with l = 0. When
the sphere is imposed with Neumann boundary condition, both the terms with l = 0 and l = 1 contribute a term
with the same order in L.
Now we compute the leading term for the Casimir interaction energy for L ≫ a. If the sphere is imposed with
Dirichlet boundary conditions, the dominating term is the term with s = 0 and m = l0 = 0 in (18). Namely,
E
DD/DN
Cas ∼ −
~c
2pi
∫ ∞
0
dκM
DD/DN
0;0,0 (κ).
Now, using Cν0 (z) = 1 and (17) and (19), we have
M
DD/DN
0;0,0 ∼TD/N2
aD−2√
pi(D − 3)!LD−22
Γ
(
D − 1
2
)
κ
D−2
2 KD−2
2
(2κL).
Integrating over κ gives
E
DD/DN
Cas ∼∓
~caD−2
8pi(D − 3)!LD−1Γ
(
D − 1
2
)2
. (20)
If the sphere is imposed with Neumann boundary conditions, the dominating term is the term with s = 0 and
m = l0 = 0 or l0 = 1 and m = 0 or 1 in (18). Namely,
E
NN/ND
Cas ∼ −
~c
2pi
∫ ∞
0
dκ
(
M
NN/ND
0;0,0 (κ) +M
NN/ND
0;1,1 (κ) + (D − 1)MNN/ND1;1,1 (κ)
)
.
Now,
M
NN/ND
0;0,0 ∼− TN/D2
aD√
piD(D − 2)!LD−22
Γ
(
D − 1
2
)
κ
D+2
2 KD−2
2
(2κL),
M
NN/ND
1;1,1 ∼− TN/D2
aD√
pi(D − 1)(D − 1)!LD2 Γ
(
D + 1
2
)
κ
D
2 KD
2
(2κL),
and using Cν1 (z) = 2νz,
M
NN/ND
0;1,1 ∼− TN/D2
aD√
pi(D − 1)!LD2
(
Γ
(
D + 1
2
)
κ
D
2 KD
2
(2κL) + Γ
(
D − 1
2
)
Lκ
D+2
2 KD−2
2
(2κL)
)
.
Integrating over κ gives
E
NN/ND
Cas ∼∓
~caD
16piD!LD+1
Γ
(
D − 1
2
)
Γ
(
D + 1
2
)
(2D2 − 1). (21)
Hence, we find that when L ≫ a, the leading term of the Casimir interaction energy is of order L−(D−1) for
Dirichlet boundary condition, and of order L−(D+1) for Neumann boundary conditions. When D = 3, (20) and (21)
give respectively
E
DD/DN
Cas ∼∓
~ca
8piL2
,
E
NN/ND
Cas ∼∓
17~ca3
96piL4
,
9which agree with the results derived in [33].
In general, we can write
E
DD/DN
Cas ∼αDD/DND
~caD−2
LD−1
E
NN/ND
Cas ∼αND/NND
~caD
LD+1
.
αD are pure numbers that depend onD. Obviously, α
DN
D = −αDDD and αNDD = −αNND . The values of αD for 3 ≤ D ≤ 12
are tabulated in Table I in Appendix A.
IV. PROXIMITY FORCE APPROXIMATION
In this section, we compute the proximity force approximation (PFA) to the Casimir interaction energy. In the
next section, we will compute the small separation asymptotic behavior of the Casimir interaction energy from (15)
and compare to the result obtained in this section.
In (D + 1)-dimensional Minkowski spacetime, the Casimir energy density between two parallel plates both subject
to Dirichlet or Neumann boundary conditions is given by [2]:
E‖,DD/NNCas (d) = −~c
Γ
(
D+1
2
)
ζ(D + 1)
2D+1pi
D+1
2
1
dD
=
b
DD/NN
D
dD
,
where d is the distance between the two plates, and ζ(z) is the Riemann zeta function. When one plate is imposed
with Dirichlet boundary conditions, and one is imposed with Neumann boundary conditions, the Casimir energy
density is
E‖,DN/NDCas (d) = ~c
(
1− 2−D) Γ
(
D+1
2
)
ζ(D + 1)
2D+1pi
D+1
2
1
dD
=
b
DN/ND
D
dD
,
The distance between the point (a, θ1, . . . , θD−1) (in spherical coordinates) on the sphere to the plate x1 = L is
d(θ) = d(θ1) = L− a cos θ1 = d+ a(1− cos θ1),
where d = L− a is the shortest distance between the sphere and the plate.
Hence, the proximity force approximation to the Casimir interaction energy between the sphere and the plate is
EPFACas =a
D−1
∫
SD−1
E‖Cas(d(θ))dΩD−1
=aD−1bD
2pi
D−1
2
Γ
(
D−1
2
) ∫ pi
0
dθ1 sin
D−2 θ1
(d+ a(1− cos θ1))D
.
We want to compute the leading term of the proximity force approximation when
ε =
d
a
≪ 1.
Making a change of variable
v =
d+ a(1− cos θ1)
d
,
we have
EPFACas ∼bD
2pi
D−1
2
Γ
(
D−1
2
) a
d
D+1
2
∫ 2a+d
d
1
dv
(2a+ d− dv)D−32 (v − 1)D−32
vD
∼bD (2pi)
D−1
2
Γ
(
D−1
2
) aD−12
d
D+1
2
∫ ∞
1
dv
(v − 1)D−32
vD
=bD
pi
D
2
2
D−1
2 Γ
(
D
2
) 1
aε
D+1
2
.
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In the last line, we have used the formula
Γ(2z) =
22z−1√
pi
Γ(z)Γ
(
z +
1
2
)
. (22)
Hence, we find that the proximity force approximation to the Casimir interaction energy between a sphere and a plate
is
E
PFA, DD/NN
Cas ∼−
Γ
(
D+1
2
)
ζ(D + 1)
2
3D+1
2
√
piΓ
(
D
2
) ~c
aε
D+1
2
,
E
PFA, DN/ND
Cas ∼(1− 2−D)
Γ
(
D+1
2
)
ζ(D + 1)
2
3D+1
2
√
piΓ
(
D
2
) ~c
aε
D+1
2
.
(23)
V. ANALYTIC COMPUTATION OF LEADING AND NEXT-TO-LEADING ORDER TERM OF SMALL
SEPARATION ASYMPTOTIC BEHAVIOR
In this section, we compute the small separation asymptotic behavior of the Casimir interaction energy from the
formula (15). The method we use is the perturbation method applied in [14] for the cylinder-plate configuration, and
later used in [23–25, 28] for the sphere-plate configuration.
The Casimir interaction energy is given by (18) with the matrix element Mm;l,l′ given by (13).
In [23–25], the integration over θ in (13) has been performed and the Mm;l,l′ is expressed in terms of 3j-symbols.
Hence, to find the asymptotic behavior of the Casimir interaction energy, an integral formula of the 3j-symbol is used
to find its asymptotic behavior. In [28], we could not perform the integration over θ in Mm;l,l′ , but we showed that by
using an integral formula for the associated Legendre function, we could find the asymptotic behavior of the integral
which is not any complicated than finding the asymptotic behavior of the 3j-symbol in [23–25].
In our present case, we have to find an analogous integral formula for the Gegenbauer polynomials. In fact, using
the Rodrigue’s formula [29, 32]:
Cνn(z) =
Γ
(
ν + 12
)
Γ(n+ 2ν)
2nn!Γ(2ν)Γ
(
ν + 12 + n
) (z2 − 1) 12−ν dn
dzn
(
z2 − 1)n+ν− 12 ,
one can use the same method as for associated Legendre function (see page 303 in [34]) to show that
(z2 − 1) ν2− 14Cνn(z) =
Γ
(
ν + 12
)
Γ(n+ 2ν)
Γ(2ν)Γ
(
ν + 12 + n
) 2ν− 32
pi
∫ pi
−pi
(
z +
√
z2 − 1 cosϕ
)n+ν− 1
2
ei(ν−
1
2 )ϕdϕ. (24)
Let
m˜ = m+
D − 3
2
.
When m ranges over nonnegative integers, m˜ ranges over
D − 3
2
,
D − 1
2
,
D + 1
2
, . . ., which are integers if and only if
D is odd. The Casimir interaction energy (18) can be rewritten as
ECas = − ~c
(D − 3)!pi
∞∑
s=0
1
s+ 1
∫ ∞
0
dκ
∑
m˜
m˜
(
m˜+ D−52
)
!(
m˜− D−32
)
!
∞∑
l=m˜−D−3
2
∞∑
l1=m˜−
D−3
2
−l
. . .
∞∑
ls=m˜−
D−3
2
−l
s∏
j=0
Mm˜;lj,lj+1 , (25)
where we have replaced l0 with l and lj with l + lj for 1 ≤ j ≤ s. Mm˜;lj ,lj+1 is then given by
Mm˜;lj ,lj+1 =(−1)lj+lj+122m˜Γ
(
m˜+
1
2
)2√(l + lj + D−22 ) (l + lj+1 + D−22 )Γ (l + lj + D−12 − m˜)Γ (l + lj+1 + D−12 − m˜)
Γ
(
l + lj +
D−1
2 + m˜
)
Γ
(
l + lj +
D−1
2 + m˜
)
× T1,l+ljT2
∫ ∞
0
dθe−2κL cosh θ sinh θ (sinh θ)
2m˜
C
m˜+ 1
2
l+lj+
D−3
2
−m˜
(cosh θ)C
m˜+ 1
2
l+lj+1+
D−3
2
−m˜
(cosh θ) .
(26)
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Using the formula (22), eq. (24) shows that
sinhm˜ θC
m˜+ 1
2
l+lj+
D−3
2
−m˜
(cosh θ) =
Γ
(
l + lj +
D−1
2 + m˜
)
Γ
(
m˜+ 12
)
Γ
(
l + lj +
D−1
2
) 1
2m˜
√
pi
∫ pi
2
−pi
2
(cosh θ + sinh θ cos 2ϕ)
l+lj+
D−3
2 e2im˜ϕdϕ.
Using binomial expansion,
(cosh θ + sinh θ cos 2ϕ)
l+lj+
D−3
2 =
∞∑
k=0
1
k!
Γ
(
l+ lj +
D−1
2
)
Γ
(
l + lj +
D−1
2 − k
) exp((l + lj + D − 3
2
− 2k
)
θ
)
(cosϕ)
2l+2lj+D−3−2k sin2k ϕ.
Therefore, eq. (26) can be rewritten as
Mm˜;lj ,lj+1 =
(−1)lj+lj+1
pi
T1,l+ljT2
∞∑
k=0
∞∑
k′=0
1
k!
1
k′!
Nm˜;lj ,lj+1;k,k′
∫ ∞
0
dθe−2κL cosh θ sinh θe(2l+lj+lj+1+D−3−2k−2k
′)θ
×
∫ pi
2
−pi
2
dϕ (cosϕ)
2l+2lj+D−3−2k sin2k ϕe2im˜ϕdϕ
∫ pi
2
−pi
2
dϕ′ (cosϕ′)
2l+2lj+D−3−2k sin2k ϕ′e2im˜ϕ
′
dϕ′,
(27)
where
Nm˜;lj ,lj+1;k,k′ =
√(
l + lj +
D − 2
2
)(
l+ lj+1 +
D − 2
2
)
×
√
Γ
(
l+ lj +
D−1
2 − m˜
)
Γ
(
l + lj+1 +
D−1
2 − m˜
)
Γ
(
l + lj +
D−1
2 + m˜
)
Γ
(
l + lj +
D−1
2 + m˜
)
Γ
(
l+ lj +
D−1
2 − k
)
Γ
(
l+ lj+1 +
D−1
2 − k′
) .
From these expressions, it is obvious that Mm˜;lj ,lj+1 is invariant of we replace m˜ by −m˜.
Now we can find the asymptotic behavior of the Casimir interaction energy as in [28]. Let θ0 be defined so that
sinh θ0 =
l
κa
.
Make a change of variable θ 7→ θ + θ0 in (27). Also, let
κ =
l
√
1− τ2
aτ
.
When ε = d/a≪ 1, the leading contribution to the Casimir interaction energy comes from terms with:
l ∼ 1
ε
, lj ∼ 1√
ε
, m˜ ∼ 1√
ε
, θ ∼ √ε, τ ∼ 1.
Hence, we are counting the order l, lj, m˜, θ and τ as 1/ε, 1/
√
ε, 1/
√
ε,
√
ε and 1 respectively. After performing the
summation over k, k′ and the integration over ϕ, ϕ′ and θ, we obtain an expression of the form
Mm˜;lj ,lj+1 ∼σ
Clj−lj+1
2
√
τ
pil
exp
(
−m˜
2
lτ
− 2lε
τ
− τ(lj − lj+1)
2
4l
)
(1 +Aj,1 +Aj,2) (1 + J ) , (28)
where Aj,1 and Aj,2 are respectively terms of order √ε and ε, and J is a term of order ε which depends on the
boundary conditions on the sphere:
J D =1
l
(
τ
4
− 5τ
3
12
)
,
J N =1
l
(
−
(
D − 5
4
)
τ +
7τ3
12
)
.
(29)
The factor σ depends on the boundary conditions on both the sphere and the plate. For DD and NN boundary
conditions, σ = 1. For DN or ND boundary conditions, σ = −1.
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Due to the exponential term in (28), in (25), one can replace the summations over l, m˜ and lj by integrations.
Namely, for first two leading order terms,
ECas ∼ − ~c
(D − 3)!pia
∞∑
s=0
1
s+ 1
∫ ∞
0
dl l
∫ 1
0
dτ
τ2
√
1− τ2
∫ ∞
0
dm˜
m˜
(
m˜+ D−52
)
!(
m˜− D−32
)
!
∫ ∞
−∞
dl1 . . .
∫ ∞
−∞
dls
s∏
j=0
Mm˜;lj ,lj+1 .
(30)
A major difference with the D = 3 case is the appearance of the term
m˜
(
m˜+ D−52
)
!(
m˜− D−32
)
!
.
Obviously, this is a polynomial of degree D − 3 in m˜, and straightforward computation gives
m˜
(
m˜+ D−52
)
!(
m˜− D−32
)
!
= m˜D−3 − (D − 3)(D − 4)(D − 5)
24
m˜D−5 + . . . .
We only need the first two leading terms to find the leading order and next-to-leading order terms of the Casimir
interaction energy.
Putting everything into (30) and integrating over lj , 1 ≤ j ≤ s, we find that
ECas ∼− ~c
2(D − 3)!pia
∞∑
s=0
σs+1
(s+ 1)
3
2
∫ ∞
0
dl l
∫ 1
0
dτ
τ2
√
1− τ2
∫ ∞
0
dm˜
(
m˜D−3 − (D − 3)(D − 4)(D − 5)
24
m˜D−5
)
×
√
τ
pil
exp
(
−m˜
2(s+ 1)
lτ
− 2l(s+ 1)ε
τ
)
(1 + B) (1 + (s+ 1)J ) ,
where B is a term of order ε.
Hence, we find that the leading order term of the Casimir interaction energy is
E0Cas =−
~c
2(D − 3)!pia
∞∑
s=0
σs+1
(s+ 1)
3
2
∫ ∞
0
dl l
∫ 1
0
dτ
τ2
√
1− τ2
∫ ∞
0
dm˜m˜D−3
√
τ
pil
exp
(
−m˜
2(s+ 1)
lτ
− 2l(s+ 1)ε
τ
)
.
After integrating over m˜, l and τ , we have
E0Cas =−
Γ
(
D+1
2
)
2
3D+1
2
√
piΓ
(
D
2
) ~c
aε
D+1
2
∞∑
s=0
σs+1
(s+ 1)D+1
.
Thus, using the definition of Riemann zeta function ζ(s) =
∑∞
n=1 1/n
s, we find that the leading order term of the
Casimir interaction energy is
E
0,DD/NN
Cas =−
Γ
(
D+1
2
)
ζ(D + 1)
2
3D+1
2
√
piΓ
(
D
2
) ~c
aε
D+1
2
,
E
0,DN/ND
Cas =(1− 2−D)
Γ
(
D+1
2
)
ζ(D + 1)
2
3D+1
2
√
piΓ
(
D
2
) ~c
aε
D+1
2
,
which agree with PFA (23). We see that the leading order term is of order ε−(D+1)/2. Let us write
E0Cas = βD
~c
aε
D+1
2
,
so that βD is a pure number. Obviously, β
DD
D = β
NN
D and β
DN
D = β
ND
D . The values of βD for 3 ≤ D ≤ 12 is tabulated
in Table I in Appendix A.
For the next to leading order term E1Cas, there are two contributions, one is
E1,1Cas =
(D − 3)(D − 4)(D − 5)~c
48pi(D − 3)!a
∞∑
s=0
σs+1
(s+ 1)
3
2
∫ ∞
0
dl l
∫ 1
0
dτ
τ2
√
1− τ2
×
∫ ∞
0
dm˜m˜D−5
√
τ
pil
exp
(
−m˜
2(s+ 1)
lτ
− 2l(s+ 1)ε
τ
)
13
which vanishes for D = 3, 4, 5, and the other is
E1,2Cas =−
~c
2pi(D − 3)!a
∞∑
s=0
σs+1
(s+ 1)
3
2
∫ ∞
0
dl l
∫ 1
0
dτ
τ2
√
1− τ2
∫ ∞
0
dm˜m˜D−3
×
√
τ
pil
exp
(
−m˜
2(s+ 1)
lτ
− 2l(s+ 1)ε
τ
)
(B + (s+ 1)J ) .
Writing
ECas = E
0
Cas + E
1
Cas + . . . = E
0
Cas (1 + ϑEε+ o(ε)) ,
so that
ϑE =
1
ε
E1Cas
E0Cas
measures the first order deviation from the proximity force approximation. We find that ϑ1 is a pure number that
depends on space dimension D and the boundary conditions on the sphere and the plate. For D = 4,
ϑDDE =
5
12
− 7
18
ζ(3)
ζ(5)
,
ϑDNE =
5
12
− 14
45
ζ(3)
ζ(5)
,
ϑNDE =
5
12
− 122
45
ζ(3)
ζ(5)
,
ϑNNE =
5
12
− 61
18
ζ(3)
ζ(5)
;
while for D = 3 or D ≥ 5,
ϑDDE =
D + 1
12
− (D − 2)(D − 3)
3D
ζ(D − 1)
ζ(D + 1)
,
ϑDNE =
D + 1
12
− 2
D − 4
2D − 1
(D − 2)(D − 3)
3D
ζ(D − 1)
ζ(D + 1)
,
ϑNDE =
D + 1
12
− 2
D − 4
2D − 1
(D2 + 7D − 6)
3D
ζ(D − 1)
ζ(D + 1)
,
ϑNNE =
D + 1
12
− (D
2 + 7D − 6)
3D
ζ(D − 1)
ζ(D + 1)
.
(31)
When D = 3, we recover the results in [25, 35].
For the Casimir interaction force, it follows that
FCas = F
0
Cas + F
1
Cas + . . . = F
0
Cas (1 + ϑF ε+ o(ε)) ,
where
ϑF =
D − 1
D + 1
ϑE .
In particular, ϑF has the same sign as ϑE .
In Appendix A, we tabulate the exact and numerical values of ϑE for 3 ≤ D ≤ 12 in Table II. The dependence of
ϑE on D is shown graphically in Fig. 1.
From (31), it is easy to see that when D is large, the leading order term of ϑE is linear in D with negative coefficient.
More precisely,
ϑE ∼ −D
4
forD ≫ 1.
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FIG. 1: The dependence of ϑE on dimension D.
Hence, when D is large enough, ϑE will become negative, which signifies that proximity force approximation over-
estimates the Casimir interaction force. Moreover, the magnitude of ϑE will become large when D becomes large.
Hence, proximity force approximation becomes less accurate in higher dimensions.
In fact, from Fig. 1, we find that ϑE is negative for all D ≥ 6, and ϑNDE and ϑNNE are negative for all D ≥ 3. For
large D, it is obvious from (31) that
ϑDDE ∼ ϑDNE , ϑNDE ∼ ϑNNE .
Moreover, observe that
ϑDDE − ϑNNE =
4(D − 1)
D
ζ(D − 1)
ζ(D + 1)
.
This difference comes from the difference between J D and J N in (29). Hence, in Fig. 1, we see that when D is large
ϑDDE and ϑ
NN
E are approximately two parallel lines with slope −1/4 which are vertically 4 units apart.
VI. CONCLUSION
Using the machinery developed in [20], we have computed the TGTG formula for the Casimir interaction energy
between a sphere and a plate in (D + 1)-dimensional Minkowski spacetime. We consider massless scalar field with
Dirichlet or Neumann boundary conditions. To obtain the formula, we have computed the matrix that changes the
spherical wave basis to the plane wave basis, and the matrix that changes the plane wave basis to the spherical wave
basis. These results might be useful for other applications.
In D-dimensional space, spherical waves are characterized by (D−1) wave numbers l,m2, . . . ,mD−1. Using orthog-
onality of Gegenbauer polynomials, we find that the TGTG matrix is diagonal in m2,m3, . . . ,mD−1, and the matrix
elements only depend on the two wave numbers l and m2. Hence, the formula for the Casimir interaction energy
is not much complicated than the D = 3 case, except for the appearance of a polynomial of degree (D − 3) in m2.
Therefore, the formula we derive is useful for both analytical and numerical studies.
To illustrate the analytical analysis of the formula, we compute the large separation and small separation asymptotic
formulas. To compute the large separation leading behavior, we only need to compute a few matrix elements. We
find that the leading term is proportional to L−D+1 if Dirichlet boundary condition is imposed on the sphere, and
proportional to L−D−1 if Neumann boundary condition is imposed on the sphere. Thus, the former case give rise to
stronger Casimir force at large separation.
For the small separation asymptotic behavior, one has to take into account the contribution from all the matrix
elements. Using perturbation method developed in [28], we obtain the leading order and next-to-leading order terms
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of the Casimir interaction energy for DD, DN, ND and NN boundary conditions. It is found that for ND and NN
boundary conditions, the next-to-leading order term always have sign opposite to the leading order term. For DD
and DN boundary conditions, the sign of the leading order and next-to-leading order terms are also opposite of each
other when D ≥ 6. In these cases, the leading order term, which coincides with the proximity force approximation,
overestimates the magnitude of the Casimir force. Another observation is that the magnitude of the ratio of the next-
to-leading order term to the leading order term grows linearly with dimension D, which signifies a larger correction
to proximity force approximation in higher dimensions.
The present work is the first step to study the Casimir interaction between two objects of nontrivial geometry in
higher dimensional spacetime. In the future, it will be interesting to extend this work to other geometric configurations
as well as to other types of quantum fields.
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Appendix A: Tabulation of constants
TABLE I: The constants αD and βD for 3 ≤ D ≤ 12
D αDDD = −αDND αNND = −αNDD βDDD = βNND βDND = βNDD
3 − 1
8pi
− 17
96pi
− pi
3
1440
7pi3
11520
4 − 1
32
− 31
1024
−3
√
2ζ(5)
512
45
√
2ζ(5)
8192
5 − 1
16pi
− 49
960pi
− pi
5
90720
31pi5
2903040
6 − 3
256
− 71
8192
−15
√
2ζ(7)
16384
945
√
2ζ(7)
1048576
7 − 1
48pi
− 97
6720pi
− pi
7
6048000
127pi7
774144000
8 − 15
4096
− 635
262144
−35
√
2ζ(9)
262144
8925
√
2ζ(9)
67108864
9 − 1
160pi
− 23
5760pi
− pi
9
419126400
73pi9
30656102400
10 − 35
32768
− 1393
2097152
−315
√
2ζ(11)
16777216
322245
√
2ζ(11)
17179869184
11 − 1
560pi
− 241
221760pi
− 691pi
11
20595871296000
1414477pi11
42180344414208000
12 − 315
1048576
− 6027
33554432
−693
√
2ζ(13)
268435456
2837835
√
2ζ(13)
1099511627776
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TABLE II: The values of ϑE for 3 ≤ D ≤ 12
D
ϑDDE ϑ
DN
E ϑ
ND
E ϑ
NN
E
exact numerical exact numerical exact numerical exact numerical
3
1
3
0.3333
1
3
0.3333
1
3
− 160
7pi2
−1.9826 1
3
− 40
pi2
−3.7195
4
5
12
− 7ζ(3)
18ζ(5)
−0.0342 5
12
− 14ζ(3)
45ζ(5)
0.0560
5
12
− 122ζ(3)
45ζ(5)
−2.7262 5
12
− 61ζ(3)
18ζ(5)
−3.5119
5
1
2
− 21
5pi2
0.0745
1
2
− 588
155pi2
0.1156
1
2
− 5292
155pi2
−2.9593 1
2
− 189
5pi2
−3.3299
6
7
12
− 2ζ(5)
3ζ(7)
−0.1022 7
12
− 40ζ(5)
63ζ(7)
−0.0696 7
12
− 80ζ(5)
21ζ(7)
−3.3342 7
12
− 4ζ(5)
ζ(7)
−3.5300
7
2
3
− 200
21pi2
−0.2983 2
3
− 24800
2667pi2
−0.2755 2
3
− 114080
2667pi2
−3.6673 2
3
− 920
21pi2
−3.7722
8
3
4
− 5ζ(7)
4ζ(9)
−0.5079 3
4
− 21ζ(7)
17ζ(9)
−0.4931 3
4
− 399ζ(7)
85ζ(9)
−3.9738 3
4
− 19ζ(7)
4ζ(9)
−4.0301
9
5
6
− 77
5pi2
−0.7270 5
6
− 5588
365pi2
−0.7179 5
6
− 128524
2555pi2
−4.2634 5
6
− 253
5pi2
−4.2935
10
11
12
− 28ζ(9)
15ζ(11)
−0.9528 11
12
− 1904ζ(9)
1023ζ(11)
−0.9473 11
12
− 5576ζ(9)
1023ζ(11)
−4.5422 11
12
− 82ζ(9)
15ζ(11)
−4.5583
11 1− 163800
7601pi2
−1.1835 1− 334807200
15559247pi2
−1.1803 1− 892819200
15559247pi2
−4.8140 1− 436800
7601pi2
−4.8225
12
13
12
− 5ζ(11)
2ζ(13)
−1.4176 13
12
− 682ζ(11)
273ζ(13)
−1.4158 13
12
− 25234ζ(11)
4095ζ(13)
−5.0811 13
12
− 37ζ(11)
6ζ(13)
−5.0856
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